Wiener filter is the best channel interpolation method in terms of minimizing mean square error at the time dimension. However, Wiener filter with low order will lose its efficiency in high-speed communication environments, while Wiener filter with high order suffers from the problem of high computational complexity. In this paper, we analyze the relationships among Wiener filter with different orders and their corresponding application scenarios. Furthermore, based on the analysis, a pilot symbol design criterion for high-speed communication environments and a simplified Wiener filter based channel estimation technique are proposed, respectively.
Introduction
With the rapid development of mobile wireless communication technology and high-speed railway construction worldwide, the moving speed of the user transceivers can be as high as 350 km/h. In this case, to ensure effective communication of future wireless technologies such as 3GPP long term evolution (LTE) [1] accurate channel parameters are indispensible. Channel parameters are essential for coherent detection, diversity combining and decoding. Therefore, implementable channel estimation method with low computational complexity that applicable to such high-speed environments has drawn remarkable interest in recent years and has remained largely an open problem to be solved urgently.
In current researches of channel estimation, when the users move at low speeds, for example less than 120 km/h, the wireless channel changes slowly and smoothly. In this case, traditional interpolation methods such as linear interpolation can be used to achieve accurate channel estimation [2] [3] [4] . However, when the users move at high speeds, such as 350 km/h or higher, the wireless channel changes quickly and dramatically. In this case, traditional interpolation methods mentioned above cannot provide desired channel estimation performance under such high-speed environments [2] [3] [4] . As is well known, Wiener filter [5] is the best interpolation method in terms of minimizing mean square error (MMSE) at the time dimension. However, Wiener filter with low order is not applicable to channel estimation in high-speed environments, as will be demonstrated in this paper. On the other hand, Wiener filter with high order can significantly improve the performance of channel estimation in highspeed environments, at the cost of unacceptable high computational complexity due to the complex matrix inversion and Bessel function. Usually, Wiener filter with order higher than three is difficult to realize, since its computational complexity is larger than o(M 3 ), where M represents the orders of Wiener filter [6] . Therefore, computational complexity restricts the application of Wiener filter in high-speed environments. In current researches [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , the expression for Wiener filter is derived but none of them analyze the relationships among Wiener filter with different orders and neither do they illustrate the application scenarios for Wiener filter in various mobile environments, especially in high-speed cases. Furthermore, none of them present a further detailed derivation and discuss how to simplify the expression for Wiener filter, which is critical for its implementation in high-speed environments.
In order to solve the aforementioned problems and limitations of Wiener filter, in this paper we first analyze the relationships among Wiener filter with different orders and their application scenarios. Based on the analysis, a pilot symbol design criterion applicable to high-speed environments and a simplified Wiener filter technique are proposed, respectively.
The remainder of this paper is organized as follows: Sect. 2 introduces the system model and gives a review of Wiener filter based channel estimation. Section 3 first analyzes the relationships among Wiener filter with different orders and their application scenarios. Then, a pilot symbol design criterion applicable to high-speed environments and a simplified Wiener filter technique are proposed, respectively. Section 4 gives extensive simulation results that demonstrate the effectiveness of the proposed theory, criterion and technique. We conclude the paper in Sect. 5.
Problem Formulation
T be a column vector that represents the estimate of channel frequency response for the kth subcarrier at pilot symbols in orthogonal frequency division multiple access (OFDMA) or single-carrier frequency division multiple access (SC-FDMA) system, where p i , i = 1, 2 . . . , M represents the position of the ith pilot symbol at the time dimension, M represents the pilot symbol number, k = 1, 2, . . . , N , N represents the symbol length andP(k) can be obtained by, for example, the least squares (LS) or minimum mean square error (MMSE) [16] channel estimation method. Then the channel estimatê H p (k) at the data symbol position p can be obtained by interpolatingP(k). Let C p (k) be the interpolation vector andĤ p (k) can be obtained as
The expression for the interpolation vector of Wiener filter at the time dimension is obtained by minimizing the estimation mean square error
and is given byĈ
where E{·} denotes the expected-value operator, Since the computational complexity of matrix inversion in (2) increases rapidly with the increase of M [it is greater than o(M 3 )], Wiener filter with order higher than three is difficult to realize for its high complexity. Meanwhile, as will be shown, the computation of C p,wiener (k) in (2) involves calculating Bessel function, which is an infinite sum formula in its original format. Therefore, we will mainly discuss the implementable Wiener filter with order less than or equal to three. The wireless channel changes slowly and smoothly when the users move at low speeds, in which case linear interpolation method [2] or Wiener filter with two orders can be adopted to interpolate the channel. However, as we shall see shortly in the next section, when the users move at very high speeds, the performance of linear interpolation method and that of Wiener filter with two orders both drop rapidly and lose their efficiency. In this case, Wiener filter with higher orders are needed to estimate the nonlinear variation of the wireless channel, which means that more pilot symbols are required.
In this paper, channel and noise are assumed to be independent from each other. Without loss of generality we assume that noise is Gaussian distribution with zero mean and variance σ 2 . Zadoff-Chu sequence is adopted at pilot symbol
Wiener Filter Based Channel Estimation
In this section, the relationship between linear interpolation method and Wiener filter with two orders is first analyzed mathematically. Based on the analysis the conclusion that Wiener filter with two orders is not applicable to high-speed environments can be obtained. Then, the relationship between Wiener filter with two orders and Wiener filter with three orders is also analyzed mathematically, based on which the relationships among Wiener filter with different orders can be easily obtained. According to the analysis, a pilot symbol design criterion applicable to high-speed environments is also proposed in this section. Finally, a simplified Wiener filter technique is proposed based on the signal correlation and the properties of Bessel function. For the sake of simplicity, the LS channel estimation method is employed to obtain the channel estimate at pilot symbols in the following derivations. Notice that since there is only a coefficient difference between the LS and MMSE channel estimation method for Wiener filter [15] , the proposed method in this paper is not restricted to the LS channel estimation method at pilot symbols but can be easily extended to include the MMSE channel estimation method at pilot symbols.
The Relationship Between Wiener Filter with Two Orders and Linear
Interpolation Method
Let M = 2 in (2) and after some manipulations the coefficients of Wiener filter with two orders are given by
where |A1| is the corresponding determinant of Wiener filter with two orders. For the sake of notational simplicity, the subcarrier index k is omitted in (3), (4) and will be omitted in the following derivations. Substituting (3) and (4) into (1), the channel estimation result of Wiener filter with two orders can be expressed aŝ
The expression for linear interpolation method to estimate the channel at data symbol p is given byĤ
Referring to [7] , for 2-D isotropic scattering, (3) and (4), which represents the correlation function at the time dimension for the ith and the jth symbols, f D T is the normalized Doppler frequency, J v (z) is the vth order Bessel function of the first kind and is defined as
Let v = 0 and z = 2π(i − j) f D T in (7), then E{H i H * j } can be expressed as
Substituting (8) into (3) and (4), then substituting the resulting (3) and (4) into (5), the relationship between (8) and (5) can be established. To establish the relationship betweenĤ 2D andĤ linear , (6) is substituted into (5), letting σ 2 ≈ 0 and finally the relationship between H 2D andĤ linear can be obtained aŝ
It is observed from (9) that since π 2 f 2 D T 2 is a small number, the terms that include π 2 f 2 D T 2 on the right-hand side of Eq. (9) is very small compared withĤ linear . Therefore, Wiener filter with two orders is approximately equal to linear interpolation method when σ 2 ≈ 0. Then a conclusion can be made that the main difference between the two is that when σ 2 = 0, Wiener filter with two orders has the effect of filtering the noise, whereas linear interpolation method do not have. At the same time it is clear that in high-speed environments when the wireless channel changes dramatically and nonlinearly, Wiener filter with two orders and linear interpolation method both lose their efficiency in this situation, in which case Wiener filter with order higher than two is needed to estimate the nonlinear variation of the wireless channel.
The Relationships Among Wiener Filter with Different Orders
In this part, the interconversion condition between Wiener filter with two and three orders is analyzed, based on which a pilot symbol design criterion applicable to high-speed environments will be proposed.
Let
where
Then substituting (10) into (2) and letting M = 3, after some manipulations the coefficients of Wiener filter with three orders can be obtained as
and through similar procedure, w 3D,1 and w 3D,2 can be expressed by F(q i− j ) as
where |A2| is the corresponding determinant of Wiener filter with three orders. Figure 1 illustrates the relative position of three pilot symbols p 1 , p 2 , p 3 and one data symbol p at the time dimension. From Fig. 1 it is observed that since p 3 is nearest to p 2 , the correlation between p 3 and p 2 is critical to the performance of Wiener filter with three orders.
From the above analysis, the relationship between Wiener filter with two and three orders can be obtained. The relationship between the determinants can be obtained as
The relationship between the first coefficients can be obtained as
and the relationship between the second coefficients can be obtained as
From (13)- (16) it is observed that since σ 2 and σ 4 are very small, function F, defined in (10), with variable p 3 in (13)-(16) will become very small and close to zero with the increase of p 3 . Therefore, Wiener filter with three orders will degrade into two orders in this situation. Now our conclusion obtained in the last paragraph will be validated through simulation. Figure 2 illustrates the relationship between w 3D,i and w 2D,i , i = 0, 1, 2 when the normalize Doppler frequency is 0.0532 (corresponding to 350 km/h in LTE). The vertical axis represents the interpolation value and the horizontal axis is the position of p 3 at the time dimension. In the simulation we let p 1 = 0, p 2 = 5, p = 1 in Fig. 1 and make p 3 changing from p 2 + 1 to 35. From Fig. 2 it is observed that when p 3 moves at some specific point, w 3D,0 and w 2D,0 , w 3D,1 and w 2D,1 , w 3D,2 and 0 will converge. Also note that as p 3 increases, w 3D,0 and w 3D,1 will take small oscillation around w 2D,0 and w 2D,1 , respectively, and w 3D,2 will oscillate around 0. Figure 2 corroborates that under certain conditions, Wiener filter with three orders will degrade into Wiener filter with two orders. We are now in a position to investigate the factors that determine these positions of convergences. Figure 3 illustrates the change regularity for the coefficients of Wiener filter when p 1 = 0, p 2 = 5 are fixed in Fig. 1 and moving p from 1 to 4. The solid and dotted line represent the coefficients of Wiener filter with three and two orders, respectively. From Fig. 3 a conclusion can be made that the convergences (dashed circles in Fig. 3) are not related to the relative position of p, p 1 and p 2 , but are determined by the relative position of p 2 and p 3 .
Then the normalized Doppler frequency is changed and continuing the simulation process. Notice that for fix wireless systems, different normalized Doppler frequencies represent different velocities. Figure 4 represents another change regularity for the coefficients of Wiener filter at 600, 350 and 120 km/h when p 1 = 0, p 2 = 5 and p = 1 are fixed in Fig. 1 . From  Fig. 4 it is observed that not only the relative position of p 3 and p 2 affects the positions of convergences, but also the normalized Doppler frequency does. The convergences (dashed circles in Fig. 4 ) move to the right when velocity decreases. 
A Proposed Pilot Symbol Design Criterion
According to the analysis in Sect. 3.2, a final conclusion can be made that the relationship between Wiener filter with three orders and two orders are determined by the following two factors:
(1) The relative position of pilot symbols (i.e., p 3 and p 2 ).
(2) The normalize Doppler frequency f D T .
Integrating these two factors and defining p be the distance between p 3 and p 2 , a conclusion can be drawn as follows: will take small oscillation around 0.
If we take the union of 1-3, the following result can be obtained that when f D T p < 0.55, the coefficients of Wiener filter with three and two orders will be not equal to each other. It can be inferred from this result that when the users move at high speeds, Wiener filter with two orders will lose its efficiency according to the analysis in Sect. 3.1. In this case, more pilot symbols need to be selected to complete Wiener filter with order higher than two in order to estimate the nonlinear variation of the wireless channel. The selection criterion for extra pilot symbols should satisfy f D T p < 0.55, otherwise there will be no performance improvement even more pilot symbols are employed, as have been proved in Sects. 3.2 and 3.3. On the other hand, the condition f D T p < 0.55 can be for sure taken as a pilot symbol design criterion that is applicable to channel estimation in high-speed environments. Apparently, it is observed that if we follow the discussion of Sects. 3.2 and 3.3, the idea of Sects. 3.2 and 3.3 can be easily and directly extended to include the analysis of the conversion condition for Wiener filter with any orders.
A Simplified Wiener Filter Technique
After selecting or designing extra pilot symbols according to the analysis in Sect. 3.2 and the criterion proposed in Sect. 3.3, Wiener filter with three orders is ready to be completed. However, directly using (2) when M = 3 is still too complex for implementation in practice. In this part a simplified Wiener filter technique is proposed according to the signal correlation and the properties of Bessel function. Notice that before simplification, F(q i− j ) in (10) is an 
infinite sum formula in its original format. Therefore, a simplified Wiener filter technique by selecting different l in F(q i− j ) according to different value of q i− j is proposed. The relationship between the proposed range of q i− j and l in F(q i− j ) is presented in Table 1 . The proposed selection criterion is based on the observation that F(q i− j ) after approximation is error range of ±10 −3 order of magnitude compared with F(q i− j ) in its original infinite sum formula. The detailed analysis is presented in "Appendix A". The proposed simplified Wiener filter technique is in fact a general criterion that can be adopted to achieve reduced complexity compared with the original Wiener filter without simplification. Therefore, the approach followed to achieve simplification is detailed as follows:
It is observed from (8) that q i− j determines the value of J 0 (2π(i − j) f D T ) and thus
directly affects the corresponding terms in the adopted Wiener filter, e.g., w 3D,0 , w 3D,1 and w 3D,2 in (11)- (13) . According to the specific problem or system we are dealing with, the value of q i− j can be obtained. Then, according to the proposed selection criterion in Table 1 , the corresponding value for l can be obtained. 3. Finally, substituting the selected value for l into (8) and then substituting the resulting (8) into the adopted Wiener filter. Further the derivations and then the simplified closed-form expression for the corresponding Wiener filter can be obtained.
After approximation according to Table 1 , for a target wireless system p 1 , p 2 , p 3 and p are fixed, the simplified F(q i− j ) can be substituted directly into (11)- (13) and continuing the derivation to obtain the final simplified Wiener filter expression for the target wireless system. It can be observed that compared with using (2) when M = 3 without simplification, the computational complexity can be significantly reduced according to our proposed simplified technique and moreover, it can be proved that the estimation mean square error (MSE) is also ±10 −3 order of magnitude compared with the original Wiener filter without approximation. The MSE derivation is detailed in "Appendix A".
Simulation Results and Discussions
In this section, extensive computer simulation results are presented to demonstrate the proposed theory, criterion and technique. LTE uplink system is chosen in our simulation [17] . Its subframe structure is given by [18] and is shown in Fig. 5 . The simulation parameters are listed in Table 2 . Considering that our proposed algorithms possibly require more than two pilot symbols at the time dimension, the sounding reference symbol defined in LTE uplink 5 The subframe structure in LTE uplink system system is also considered according to [18] . The sounding reference symbol is used by the base station to evaluate the quality of wireless channels. It is known by the base station so that the sounding reference symbol can be regarded as extra pilot symbols to aid interpolation at the time dimension. Therefore, there are four pilot symbols in total, which consists of symbols 0, 4, 11 and 14 as shown in Fig. 5 . The LS channel estimation method is adopted to obtain the channel estimate at pilot symbols in the simulation. The complete model for the simulation is shown in Fig. 6 and more specifically, for practical consideration, the coherent linear zero-forcing (ZF) equalization method is employed to mitigate the randomness of the channel. First, the theory that established in Sect. 3.1 is validated through Fig. 7 without turbo coding. It is observed from Fig. 7 that the performance of Wiener filter with two orders is just slightly better than that of linear interpolation method at 120 km/h, for the reason that the wireless channel changes slowly and linearly in this situation. Figure 7 also shows that at 350 km/h, in which case the wireless channel changes nonlinearly and dramatically, Wiener filter with two orders is not enough to interpolate channel at the time dimension for its bit error rate (BER) is bigger than 0.1.
Next, the pilot symbol design criterion that proposed in Sect. 3.3 is validated through Fig. 8 without turbo coding. In Fig. 8 , pilot symbols 0, 11 and 14 are selected to interpolate data symbols 12 and 13. Compared with only adopting pilot symbols 11 and 14 to interpolate data symbols 12 and 13, it is observed that the performance of the two schemes are almost the same because f D T p = 0.58 > 0.55 in this situation. However, when pilot symbols 4, 11 and 14 are selected to interpolate data symbols 12 and 13, in which case f D T p = 0.37, there is about 2 dB signal-to-noise ratio (SNR) gain compared with the case where only (2), it is observed that our proposed simplified Wiener filter technique is much simpler than the original Wiener filter. The computational complexity comparison is shown in Table 3 . Through simple computation it is obvious to conclude that when l = 6, 63.64 % number of multiplication per subframe and 42.41 % number of addition per subframe can be saved. When l = 2, 60.61 % number of multiplication per subframe and 43.82 % number of addition per subframe can be saved. In total, the overall computational complexity is significantly reduced through our proposed technique.
Figures 9, 10, 11, 12, 13 illustrate the performance of mean square error (MSE) and BER with regard to SNR without turbo coding. Figures 9, 10 verify that when the users move at 120 km/h, the performance of Wiener filter with three orders is only slightly better than that of Wiener filter with two orders. There is only about less than 0.5 dB SNR gain for the reason that the wireless channel changes slowly and linearly when the users move at low speeds. It is noted that the performance of our proposed simplified Wiener filter technique is almost the same as that of the original Wiener filter without simplification. The wireless channel changes nonlinearly and drastically when the users move at 350 km/h. Figures 11, 12 , 13 prove our established theories in Sect. 3.1 again and show that in this situation, the performance of Wiener filter with three orders is much better than that of Wiener filter with two orders since it can be observed that there are about 7.5 dB SNR gain at 16QAM modulation and about 5 dB SNR gain at 64QAM modulation. Figures 11, 12, 13 again prove that when the users move at high speeds, Wiener filter with order higher than two is needed to estimate the wireless channel in order to ensure the system performance. It is noted that even at 350 km/h, our proposed simplified Wiener filter technique is almost equal to the original Wiener filter without simplification. Finally, the complete LTE uplink system with turbo coding is simulated in order to evaluate the performance of the proposed technique in practical systems which include coding. Figure 14 illustrates the performance of block error rate (BLER) with regard to SNR. Usually, for coded transmissions, BLER instead of BER is adopted to measure the performance. The details of the block considered in the LTE system are shown in Table 4 [17, 18] .
It is observed that Fig. 14 demonstrates the advantage of Wiener filter with high orders and the effectiveness of our proposed simplified technique once again. 
Conclusion
In this paper, we have mainly focused on the Wiener filter channel interpolation method that is implementable in practice. First, we analyzed the reason that Wiener filter with two orders lose its efficiency in high-speed environments. Then, the relationships among Wiener filter with different orders and their application scenarios were analyzed, based on which an extra pilot symbols selection criterion to complete Wiener filter higher than two orders in high-speed environments was investigated and a pilot symbol design criterion applicable to channel estimation in high-speed environments has been proposed. In the end, a simplified Wiener filter technique according to the signal correlation and the properties of Bessel function has been proposed. Extensive simulation results have demonstrated the effectiveness of our proposed theories and pilot design criterion. The performance difference between our proposed simplified Wiener filter technique and the original Wiener filter without simplification is trivial whereas the computational complexity is significantly reduced. Our proposed theories, criterion and technique have a potential value for practical implementation in the upcoming high-speed mobile wireless communication systems and can be readily applied to these systems.
Appendix A: The Derivation of MSE of the Simplified Wiener Filter Technique
The MSE of channel estimation is given by
Let M = 3 in (2) and substituting the resultingĈ p,wiener into (17), then MMSE can be expressed as
According to Table 1 and substituting the approximated Bessel function, which is expressed in (19), into (11)- (13) and continuing the derivation, it can be obtained that the estimation error for the coefficients of Wiener filter is also order of magnitude and the result is given by (20), where represents the approximation error in order of magnitude.
Finally, substituting (20) into (18) and after some manipulations the MMSE of our proposed simplified Wiener filter technique can be expressed as
It is observed that if > 10 −3 , the accuracy of the approximation is not enough to guarantee the accuracy of channel estimation. If < 10 −3 , more l in F(q i− j ) must be selected to guarantee the accuracy of the approximation, in which case the computational complexity will be increased. Only when = 10 −3 , a compromise can be made between the accuracy of the approximation and the computational complexity, and at the same time guarantees the accuracy of channel estimation. 
